We consider an elastic plate patterned with a periodic array of through-the-thickness circular and triangular holes 4 , as shown in Fig. 1a . The plate is periodic along the directions defined by the a 1 and a 2 vectors. Its band structure exhibits an isolated double Dirac cone at the K point as illustrated by the dispersion curves denoted by the red circles in Fig. 1d .
Interfaces between distinct topological phases of matter support exotic localized wave modes that allow defect-immune, lossless energy transport 3, 4 . Distinct classes of topological phases exist depending on the dimension and the symmetries associated with different interface modes 11 . Examples in two dimensions include analogues of the quantum Hall, spin
Hall and valley Hall effects, supporting chiral, helical and valley modes, respectively 4, [15] [16] [17] [18] [19] [20] [21] [22] [23] .
While chiral modes require the breaking of time-reversal symmetry, helical and valley modes involve solely passive components and arise from the breaking of geometrical symmetries in lattices whose reciprocal space is characterized by singularities such as double Dirac cones 24 and Weyl points 25 . Recent studies have indicated that novel physical phenomena may arise from the interaction of distinct classes of topological modes 26, 27 . Indeed, while structures supporting chiral, helical and valley modes separately have been broadly investigated, the implementation of a single platform supporting multiple classes of such modes has not been illustrated yet. This is a particularly challenging task for mechanical substrates as in the case of elastic plates, due to the presence of multiple guided wave modes and their tendency to hybridize at interfaces and free boundaries 28 . We here report on an elastic plate capable of hosting purely helical and heterogeneous helical-valley modes. Numerical models and experimental implementations investigate the interaction of helical edge waves at interfaces 2 between configurations that are topologically distinct. Through this platform, we demonstrate the ability to split equal-frequency helical edge waves differing on the basis of their polarization when they impinge on distinct interfaces at a common junction.
We consider an elastic plate patterned with a periodic array of through-the-thickness circular and triangular holes 4 , as shown in Fig. 1a . The plate is periodic along the directions defined by the a 1 and a 2 vectors. Its band structure exhibits an isolated double Dirac cone at the K point as illustrated by the dispersion curves denoted by the red circles in Fig. 1d .
The Dirac cones arise as a result of the D 3h symmetry of the structure, i.e. consisting of C 3 (three fold rotational) symmetry, σ h symmetry (or reflection symmetry about the midplane of the plate), and σ v symmetry (or inversion symmetry about a plane normal to the mid-plane of the plate and along the lattice vectors).
Starting from this configuration, geometric perturbations are introduced so to break the σ h and σ v symmetries, and produce nontrivial bandgaps that respectively support helical and valley modes in a common frequency range. Specifically, we break the σ h symmetry by replacing the through holes with blind holes of height h, as shown in Fig. 1b . We denote the configuration with the blind holes on the top (bottom) surface as
This geometric perturbation causes modes spanning the two Dirac cones to hybridize in analogy with the spin-orbital coupling interaction in QSHE, which breaks the degeneracy and opens a topological bandgap (Fig. 1e) group velocity, respectively (Fig. 2a) .
Next, we break the σ v while preserving C 3 and σ h symmetries, by considering holes in each unit cell of different radii, namely r and R. This leads to two distinct phases, denoted as V r and V R (Fig. 1c) . Contrary to the previous case, an interface that separates two σ vtransformed copies of the structure supports a single valley mode, with positive or negative group velocity, depending on the type of interface, namely I(V r , V r ) or I(V R , V R ) with two adjacent holes of diameter r or R, respectively. The existence of these edge modes is a consequence of the bulk-boundary correspondence principle 27 and can be predicted by computing the valley Chern numbers. Although the total Chern number is zero in each band, the Chern number computed around the K and K points will have non-zero values 29 .
Based on these assumptions, we can infer that an interface between structures supporting 
A domain wall formed according to each of the three interfaces considered, i.e. I(H + , H − ), 2d,f).
To confirm the splitting of the topologically protected helical waves, we designed and fabricated a waveguide made of 35 (in the a 1 direction) × 25 (in the a 2 direction) unit cells hosting the three different domains H + (green boundary), H − (blue boundary) and V (red boundary), as shown in Fig. 3a . These domains are separated by three interfaces:
. Such an arrangement is chosen to illustrate the ability of the waveguide to split the two helical waves (Φ + and Φ − ) at the y-shaped junction.
The plate is made of aluminum and the unit cell lattice parameter is a = 20.5 mm.
First, numerical simulations are conducted to evaluate the distinct propagation patterns followed by the edge modes along the interfaces, depending on the selective mode excita- Finally, the 2D wavefield recorded over the region highlighted by the blue dots, and labeled as "2D scan region" in Fig. 3b , illustrates the I(H + , H − ) interface bounded propagation along with the splitting occurring at the y-junction (Fig. 4f) . Specifically, the measured out-of-plane velocity distribution at an instant of time after the wave splitting, i.e. for t = 1120 µs from the excitation, is reported. The wavefield at the considered instant of time is then represented in the wavenumber domain by performing a spatial/spatial 2D-FT, which effectively illustrates the modal content of the wavefield in the reciprocal space k x , k y .
The results of this analysis shown in the 2D-FT amplitude contours of Fig. 4c , illustrates the presence of 2 pairs of diffraction peaks, each corresponding to two distinct modes that co-exist at the excitation frequency, and are characterized by two distinct wavenumbers, emerges that when the two rightward-propagating helical modes Φ + and Φ − (Fig. 2a) reach the y-shaped junction, they split and respectively follow the I(H + , V R ) and I(H − , V r )
interface as Ψ + and Ψ − modes on the basis of their polarization.
In conclusion, for the first time we proposed and experimentally tested a platform that supports multiple classes of topological modes. In the proposed configuration, implemented on a patterned plate, topologically non-trivial gaps are obtained by creating interfaces between material phases that selectively break spatial inversion symmetries. Through engineering of the nontrivial gaps, the considered system is capable of splitting purely topological relies on the application of 2D Gaussian windowing functions centered at wavenumber k i , which ca be expressed as follows: Refer to the Methods section Simulations for details on band structure calculations. showing the decoupled wavefields and distinction propagation paths for the two separated modes.
